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High dimensional model representation (HDMR) isa general set of quantitative model as-
sessment and analysis tools for improving the efficiency of deducing high dimensional input—
output system behavior. For a high dimensiona system, an output f(x) is commonly afunc-
tion of many input variables x = {x1, x2, ..., x,} withn ~ 102 or larger. HDMR describes
f () by afinite hierarchical correlated function expansion in terms of theinput variables. Var-
ious forms of HDMR can be constructed for different purposes. Cut- and RS-HDMR are two
particular HDMR expansions. Since the correlated functions in an HDMR expansion are op-
timal choicestailored to f(x) over the entire domain of X, the high order terms (usually larger
than second order, or beyond pair cooperativity) in the expansion are often negligible. When
the approximations given by the first and the second order Cut-HDMR correlated functions
are not adequate, this paper presents amonomial based preconditioned HDMR method to re-
present the higher order terms of a Cut-HDMR expansion by expressions similar to the lower
order ones with monomial multipliers. The accuracy of the Cut-HDMR expansion can be sig-
nificantly improved using preconditioning with a minimal number of additional input—output
samples without directly invoking the determination of higher order terms. The mathemat-
ical foundations of monomial based preconditioned Cut-HDMR is presented along with an
illustration of its applicability to an atmospheric chemical kinetics model.

1. Introduction

Many problems in science and engineering reduce to the need for finding an effi-
ciently constructed map of the relationship between sets of high dimensional input and
output system variables. For example, akey output variable of photochemical air quality
simulation modelsisthe peak 0zone concentration in aregion, and theinput variables are
the chemical, physical and radiative factors which effect the ozone concentration. The
system may be described by a mathematical model (e.g., typically a set of differential
equations), where the input variables might be specified initial and boundary conditions
aswell asfunctions residing in the model, and the output variables would be drawn from
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the solution to the model or afunctional of the solution. The input—output behavior may
also be based on observations in the laboratory or field where a mathematical model
cannot readily be constructed for the system. In this case the input consists of the labo-
ratory (control) variables and the output(s) is the observed system response. Regardless
of the circumstances, the input is often very high dimensional with many variables even
if the output is only a single quantity. We refer to the input variables collectively as
X = {x1, X2, ..., x,} With often n ~ 10°~10% or more, and the output as f(x). For sim-
plicity in the remainder of the paper and without loss of generality, we shall refer to the
system as amodel regardless of whether it involves modeling, laboratory experiments or
field studies.

An important point to understand is that without the possibility of simplification,
the general high dimensiona representation problems posed by many redlistic systems
are of exponential difficulty (i.e., the effort grows exponentially with dimension n). This
comment may be understood from the simple consideration of attempting to deduce
the input—output mapping via sampling by s points in each of the n input variables and
performing the corresponding model runs. A full sampling therefore callsfor ~s" model
runs, which would be clearly out of the question for many realistic cases (e.g., s ~ 10
and n ~ 10°-10% or more). This view is generaly overly pessimistic as evident from
various Monte Carlo statistical analyses where typicaly far more modest numbers of
computationa runs or experiments are performed to achieve convergent results. Such
behavior implies that a much more economic sampling may be sufficient.

A genera set of quantitative model assessment and analysis tools, termed High
Dimensional Model Representation (HDMR), have been introduced [1-4] for improving
the efficiency of deducing high dimensional input—output system behavior. The concepts
behind HDMR aim to capitalize on the latter observations that realistic physical systems
generally do not call for an exponentially growing number of samples to prescribe their
input—output relationships. As the effect of inputs upon the output can be independent
and cooperative, it is natural to express the model output f(x) as a finite hierarchical
correlated function expansion in terms of the input variables:

fOO=fo+ D i)+ D fiGix)+ D il xj, %)

i=1 1<i<j<n 1<i<j<k<n

+ Z ﬁlig...il(-xil’xiza'~~9-xi1)+"'

1<ig<-<ii<n
+ flz...n(xlv x27 sy xn)7 (1)

where fp is aconstant representing the mean response to f(x), and f; (x;) givesthein-
dependent contribution to f(x) by the ith input variable acting alone, f;;(x;, x;) gives
the pair correlated contribution of the input variables x; and x;, etc. The last term
f12...(x1, X2, ..., x,,) contains any residua nth correlated contributions of all input vari-
ables. The above HDMR expansion has a finite number of terms and is aways ex-
act. Other expansions have been suggested [5], but they commonly have an infinite
number of terms and all the terms are some specified functions (e.g., Hermite polyno-
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mials). A critical feature of the HDMR expansion is that its component functions fq,
fitx), fij(xi, x;), ... are optimal choices tailored to f(x) over the entire domain of X,
and the high order terms in the expansion are generally expected to be negligible. In
order to appreciate the new features of HDMR introduced in this paper, abrief summary
of the relevant aspects of HDMR will be given in the remainder of this section.

The basic conjecture underlying HDMR is that the component functions in equa-
tion (1) arising in typical real problems are not likely to exhibit high order I (e.g., a
term like f;; (x;, x;) is of the second order, I = 2) cooperativity among the input vari-
ables such that the significant terms in the HDMR expansion are expected to satisfy the
relation: [ < n forn > 1, i.e, very often thefirst or the second order approximation

fOOX fo+ D i)+ D fiilxix)) 2

i=1 1<i<j<n

provides a satisfactory result for f(x) in many high dimensiona systems. Broad evi-
dence from statistics supports this conjecture where it is rarely found that more than in-
put variable covariance (i.e., variable pair cooperativity) significantly arises. HDMR at-
tempts to exploit this observation to efficiently determine high dimensional input—output
system mapping. The presence of only low order variable cooperativity does not neces-
sarily imply asmall set of significant variables nor does it limit the non-linear nature of
the input—output relationship.

This valuable property of low order input cooperativity for high dimensional sys-
tems may be utilized only if aproper means for calculating the HDMR component func-
tions can be found. In order to do so, optimal procedures were applied for the determina-
tion of the HDMR component functions. Various forms of HDMR have been considered
with applications to severa scientific problems [3,4,6-8]. This paper will focus on what
has been referred to as Cut-HDMR where the variable space is sampled in an orderly
fashion along low dimensiona cuts (i.e., sub-volumes) centered at a chosen reference
point X in the space. The formulas determining the zeroth, first, second and third order
component functions for Cut-HDMR in equation (1) are asfollows:

Jo=fX), ©)

fi) = f(xi, X') = fo, 4

fij @iy x)) = f i, %, X7) = fite) = fi () = fo, (5
Fiie i, xj, x0) = f(xi, %7, Xk, Xijk) — fij iy xj) — fie(xi, xe)

— fix(xj, xi) — fi(x) — fi(x;) — fi(a) — fos (6)

where X', X" and X/* are respectively X without elements X;; X;, X;; and X;, X;, Xi.
f(X)isthevdueof f(x) aX; f(x;,X") isthe model output with al variables evaluated
at X except for x;, etc.
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All the component functions of Cut-HDMR possess the property that they vanish
whenever any input variable in these functions takes on its corresponding value in X:

ﬁliz...i/ (xi17 xizv A | xi[) |xi5 :)Ei; = 07 iS € {117 i27 LA ] ll}v (7)
and thus they are all mutually orthogona under the definition
.filig...ip(xil’ Xigs oo e xip)fjljz...jq (-lea Xjosoens qu) iy =X = 0,
is E{i15i23'~~aip}u{jlaj25"'ajq}' (8)

The component functions (i.e., f;(x;), fij (xi, x;), ...) of Cut-HDMR are typically pro-
vided numerically, at discrete values of the input variables x;, x;, ... produced from
sampling the output function f(x) for employment on the right-hand side of eguations
(3)—(6). Thus, numerical data tables can be constructed for these component functions,
and the value of f(x) for an arbitrary point x can be determined from these tables by
performing only low dimensional interpolation over f;(x;), fij (xi, x;), ....

The component functions fo, fi(x;), fij(xi,x;),... in Cut-HDMR have clear
mathematical meaning which is especialy evident when f(x) can be expanded as a
convergent Taylor series at the reference point X. In the discussion here and the analysis
later in the paper, Taylor series considerations will only be used in a forma sense to
better understand the nature of HDMR,; indeed, the purpose of HDMR is to circumvent
the need to use expressions with a growing or infinite number of terms. According to
the definitions given in equations (3)—6), it is easy to prove that f, = f(X), i.e, the
constant term of the Taylor series; the first order function f;(x;) is the sum of all the
Taylor series terms which only contain the variable x;, while the second order function
fij (xi, x;) isthe sum of all the Taylor series terms which only contain variables x; and
x;, etc. Therefore, each distinct component function of Cut-HDMR is composed of an
infinite sub-class of the full multi-dimensional Taylor series, and the sub-classes do not
overlap one another, which is the basis for the orthogonality of Cut-HDMR component
functions. The orthogonality of the component functions in HDMR may generaly be
viewed from another perspective. The component functions of HDMR can be obtained
through application of a suitably defined set of linear operators go, e; (i =1, 2, ..., n),
pi A<i<j<n),pul<i<j<k<n),...:

£of (X) = fo. 9)
©i [ (X) = fi(xi), (10)
©ij [ (X) = fij(xi, x;), (12)
©iji f () = fije(xi, xj, xi). (12)

It has been proved that all the operators are commutative projection operators and they
are mutually orthogonal to one another [1,2]. The basis for orthogonality of al the pro-
jectors simply comes from the fact that fo, fi(x;), fij(xi, x;), ... do not overlap one
another. Any set of commutative projectors generate a distributive lattice whose ele-
ments are obtained by all possible combinations (Boolean addition and multiplication)
of the projectors in the set. Any operator g, in the lattice provides an approximation
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g f (X) to thefunction f(x). In particular, the lattice has a unigque maximal projector M
which provides the algebraically best approximation to the functions in alinear space
composed of all n-variable functions f(x) [9].

Each projector ¢, hasits range @, which is a subspace of the linear space 7. Any
function f(x) € @, isinvariant upon the action of g, i.e.,

o f ) =fX) VX e D (13)

Thisimpliesthat upon the action of g, thereisno error for any function f(x) € ®,. The
larger the range @, is, the better approximation for F that g, produces. Two projectors
g; and gp; are mutually orthogonal, as stated by

pig; =jpi =0.
Thisis equivalent to

The range of the maximal projector M for the lattice generated by the mutually com-
mutative projectors {1, &2, . . . , gon} isthe union of all the ranges @, i.e.,
Dy =DPUDPU---Udy. (14)

When the projectors are mutually orthogonal, ®; N ®; = Ofor al i # j, then
P = D1+ o+ -+ + Dy, (15)

which isthe largest invariant subspace in F among the invariant subspaces produced by
al projectors in the lattice. Therefore, the projector M provides the algebraically best
approximation for F in the lattice. As more orthogonal projectors are retained in the
set, then @, becomes larger and the resultant approximation obtained by its maximal
projector M [9] becomes better.

For instance, if we choose the subset S; = {0, ; (i = 1,2, ..., n)} of the above
mutually orthogonal projectors to generate alattice, then its maximal projector is simply
the sum of all these projectors:

M1=500+ZK91‘, (16)
i=1
and the best approximation of f(x) € F by the projectorsin thislatticeis

FOO~ Mof()=g0f(X) + > i f(X)

i=1

=fo+ ) fitx), (17)

i=1
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which is called the first order HDMR approximation for f(x). Similarly, for the subset
Sy ={po,pi (i =1,2,...,n),0; (1 <i < j < n)}, the best approximation of f(x)
is given by

FOORMaf()=p0f )+ Y @ifCO+ Y. 95 fX

i=1 1<i<j<n

:f0+Zfi(xi)+ Z Jij (xis xj), (18)
i=1 1<i<j<n
which is called the second order HDMR approximation for f(x), etc.

As S; isasubset of Sp, and M, is the maximal projector in the lattice generated
by Sy, then ®pq, C Py, and Mo is better than M;, i.e., the second order approx-
imation of HDMR is better than the first order one. In genera, higher order HDMR
approximations for F are aways better than lower order HDMR approximations. This
implies that adding a new orthogonal projector into a sum of orthogonal projectors al-
way's produces a new projector with the associated HDM R approximation having better
accuracy.

Asargued earlier, very often the high order HDMR terms are small thereby making
low (i.e., first and second) order HDMR approximations satisfactory for practical pur-
poses. However, in some cases the first or second order HDM R approximations may not
provide satisfactory accuracy, and higher order HDMR approximations might have to be
considered. For Cut-HDMR the higher order terms demand a polynomically increasing
number of data samples. If the higher order component functions of Cut-HDMR can
be approximately represented in a similar fashion as those for the zeroth, first and sec-
ond order component functions, then higher order approximations of Cut-HDMR can
be included without dramatically increasing the number of experiments or model runs
as well as reducing computer storage requirements. One way to realize this concept is
to represent a high order Cut-HDMR component function as a sum of preconditioned
low order Cut-HDMR component functions. The preconditioning (i.e., the process of
building in expected behavior) may be accomplished by multiplying each low order
Cut-HDMR component function with a suitable known function of the remaining input
variables. For instance, a third order Cut-HDMR component function f;j (x;, x;, x¢)
may be approximated as

Fiji(xs x, X)) & @i (X1, X5, xi) fo + @ (xj, x) fi (x7)
+ i (xi, x0) £ () + i (xiy x7) fie ()
+ o () fij (i x7) 4 5 (0x7) fir (xis x0)
+ @i () fir(xj, %), (19)
where ¢; (x;), ¢;(x;), ..., ¢ij(x;, xj, x;) are appropriate known functions (e.g., the
products of monomias (x; — b;), (x; — b;) and (x; — by) where the b’s are con-

stants), and fo, fi(x;), ..., fik(x;, x;) are Cut-HDMR component functions for some
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given function f(x) related to f(x). To determine the preconditioned Cut-HDMR com-
ponent functions, we require that al the terms in equation (19) must be produced by
mutually orthogonal projectors which are also orthogonal to the lower order projectors
0, i, - - -, 2k Such that adding these new terms to the second order Cut-HDMR ap-
proximation will definitely improve its accuracy. When the functions {¢} are mono-
mia products, this approximation is referred to as monomial based preconditioned
Cut-HDMR, or mp-Cut-HDMR. Its theoretical foundation and an illustrative applica
tion to an atmospheric chemical kinetics model are presented in this paper.

The paper is organized as follows. Section 2 introduces the principles of the
mp-Cut-HDMR method. All the mathematical proofs underlying the method are in the
appendix. In section 3, an atmospheric model is used for illustration. Finally, section 4
contains conclusions.

2. Principles of monomial based preconditioned Cut-HDMR
2.1. New orthogonal projectors

When f(x) is approximated by the /th order Cut-HDMR at reference point a, the
error of this approximation is the residual

nO)=rf0)—fo— Y filtk)— D fijlxi,x;) =
i=1

1<i<j<n
- Z filiz...i/ (Xil, Xigy o vns Xi,)- (20)
1<ig<--<ip<n
As mentioned in section 1, fi;, i, (Xiy, Xiy, - .., Xx;,) IS the sum of all the Taylor series
terms which only contain the variables x;,, x;,, . .., x;, when f(x) can be expanded as a
convergent Taylor series at point a. Since the collective Cut-HDMR component func-
tions fii,. i, (Xiy, Xip, ..., x;,) (s = 0,1,...,1) remove dl the Taylor series terms of

f(X) with up to [ variables, then r;(x) is only composed of the Taylor series terms con-
taining more than [ variables.

In order to explore the contribution of the next term beyond that contained in
the HDMR expansion in equation (20) consider a subset /7 from the set of indices
{1,2,...,n},i.e,

I={iyir....in} C{1L,2,...,n}, m=1+1, (21)

and let
Xp = {Xip, Xigs o -, X;, }- (22)
Then r;(x;, a') (wherea’ isthe awithout elements {a;,, a;,, . . . , a;, }) isthe value of the

residual with al variables evaluated at a except of the elements in x;. Considering that
r;(X) may be viewed as composed of products of (x; —a;) (i = 1,2,...,n), therefore
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r1(X;, al) only contains the Taylor seriesterms with the variablesin x;. Thisimpliesthat
r1(x;, @) isan mth order Cut-HDMR component function

r (le al) = .fi]_ig...im (xi17 xi27 e xim)' (23)

The godl is finding an approximation for equation (23) with a form similar to that in
equation (19). In order to do so, it is convenient to write r;(x;, @) as
1
rl(Xl’ a[) = W(XI)M = <.0(X1)h11(X1, al), (24
p(Xr)
where ¢(x;) is some specified function. If 4;;(x;, a’) can be reliably represented by
either the first or second order Cut-HDMR approximations about some suitable center,
then o (X;)h;; (X7, @) will provide an approximation of r,(x;, a’) having a form simi-
lar to that in equation (19). In this process we may view ¢(X;) as a preconditioning
function that extracts some characteristic behavior from f;, ;. (xi,, xi,, ..., x;,) before
subjecting it to a Cut-HDMR approximation of low order. When ¢(X;) is a product of
monomids, i.e.,

P(Xp) = l_[(xis — a;), (25)
s=1
N nxg,al)
h”(XI, a ) = —1_[;,1:1()% — (,lis) , (26)

the processisreferred to asmonomial based preconditioning. In the following treatment,
we only consider monomial based preconditioning.

Thereisafamily of residuals r;(x;, a’)’swith each being a function of m variables
in the Taylor series expansion of f(x) when all possible I's are considered, i.e., for 1
and I', r,(x;, a') and r;(x;-, @) correspond to different sets of termsin the Taylor series.
The residuals do not overlap one another, and they also do not overlap with the terms
in the Taylor series representing the lower order component functions fo, f; (x;), ...,
Sivipiy (Xig, Xiy, - .., x;,) because all these terms have already been removed from r;(x).
The h;;(X;, @')’s also possess this property. Hence, it is possible to create new orthogo-
nal projectors upon the ;;(X;, al)’s.

Now we consider approximating 4;; (x;, a’) by second order Cut-HDMR at a new
reference point

b = (b1, b, ..., by} @7

Approximation of 4;;(x;, a’) beyond second order could be considered, but practical ev-
idence indicates that the present formulation is both simple and often quite satisfactory.
To avoid asingularity in ;;(X;, al), choose

b; #* a; for al i, (28)
and set
b; = {bi,, bi,, ..., bi,}. (29)
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Then we have

hip (XI s fO + Z flA (xzs) + Z flrlA (xzr ’ xls

1<r<s<m
_ ”z(bh a’)
B H?l:l(bis — a;)
Ry [ ri(x,, by, al) ___n(b,a) }
(i, —ai) [Ty, By, — @) [Ty (bi, — ai,)

— a4, )

+ Z |: ry (-xira Xigs biris al)
(xir - alv)nt 1,i;#iy, 1;

1<r <s<m ai, ) (xi, —
ri(x;,, by, al) ri(x;,, b7, @)
- (i, —ai) [Tty i, — i) B (i, = ai) [Ty, (Bi, — i)
ri(b;,a")
Hz 1(blz al1):|

(30)

The resultant second order Cut-HDMR component functions for #;;(x;, al) are then
multiplied by ¢(x;) = []i—,(x;, — a;,) in equation (24), which gives an approximate
representation for the mth order component function

ﬁliz...im (xi17 xizv ey xim)
=r (X[, a’)

= l_[(ng ai,Yhir (xr, ")

i Q (o)

ai,)

- o, —a,) mo(x; —ai)
+ oy (x,, by, al) — | | —=r (b, @

SZ—]:.|:r—D¢is (bi, — a;,) ( ) rljl (bi, — ai,) ( )

m (Xi, — ai,) I

+ 2| I G=aynu . bit.a)

1<r<s<m Le=L.iy iy is di;

m m

D (xi, — ai')rl(xi,, br.a)~ [] (x;, — ai,)rl(xis’ b, al)

(=1, (bz', - ai,) —1i £, (bz', - ai,)

+l_[(x” = (br.a )}, (31)

—aj,
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where b’ b" are just b, without elements b;,; b;,, b;,, respectively. When all possible
choices of I are considered, the collective terms give an approximation for the (/ 4+ 1)th
order component functions of the Cut-HDMRto f (x) without directly evaluating fi,;, i,
by the original formulation indicated in equations (3)—6). This approximation istermed
asthe (I + 1)th order mp-Cut-HDMR.

The resultant new functions appearing in the mp-Cut-HDMR may be obtained as
the resultant action of a set of new operators (o, £, , £i,i,, 1-€.,

ri(x;,a') ~ |:650+ Z@S + Z 6;5iri5:|f(x)7 (32)

s=1 1<r<s<m
where

~ ~ ” (.X,‘S — a,'s) I
Pof) = fo=]| ———=n(bs, @), (33
E (bi, — ai,)

P fo=fi= 1]

r=1,i,#iy

(xi, —aj,)

(bi, —a;,) " (Xis’ bi; ' al)

- (xi, —aj,) )i
~[15—=—"=n(b..a). (34)
1 (bi, —aj;,)
~ ~ - (xil - ai,) irig
©ii, f ) = fii, = l_[ _ mrz(x,’,,x,»s,b, ,a')
t=1,i; iy ,is
u (xi, —a;,) i

t=Li#iy !

m

(x;, — a;,) i Al
— 77‘[(Xis,bs,a)
t_}:[# (bz] — 4, !
- (Xi, - a,,) I
+£1@::Ejn@ha) (35)

For an approximation to second order Cut-HDMR terms, m = 3 and I = {i4, i, i3} we
have

ra(b7,@") = f(biy. by, biy, @V2%) — f(biy, by, &12)
— f(biy: big. @3) — f(biy, biy, @%3)
+ f(biy, @Y + f(bi,, @2) + f(biy, &%) — f(@,  (36)
ra(is, bl a') = f(xiy, by biy, @V) — f(xiy, by, &2'2)
— [ (xips biy, @32) — f(biy, by, @2)
+ f (% @) + f by @2) + f(biy, &%) = f(@,  (3D)
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rZ(Xil’ Xiy, billiz, al) — f(xil’ Xiy, blgv atlzzts) _ f(xil’ Xiy» ai1i2)
— f(xil, b,'3, a.lll?’) — f(xiz, b,'3, ai2i3)
+ f(xil? ail) + f(xi27 aiz) + f(bis’ aia) - f(a) (38)

For an approximation to third order Cut-HDMR terms, m = 4 and I = {iy, i», i3, i4} We
have

ra(by, @) = f(b,l, biy, big, biy, @1234) — f (b, by, by, a273)
f(biy, biy, by, @12%) — f(by, bls, by, a1i34)
— f (bl big by @25) + f (biy. by @Y%) + f (B b @17)
(bmbwa’“‘*) + f (bigs big: @2°) + f (i, biy, 27
+ [ (big: biy, @) — [ (biy, @) = [ (biy, @)
= f(bis, &) = f (b, %) + f (@), (39)
r3(xi1, bill, a’) _ f(xil, biy, bis, bi,, a’1’2'3’4) — f(xil’ b, b, ailigig)
(5 By b @4%) — f (5 iy, by 81994)
— [ (biye bias bigs @75%) + f (313, by @12) £ f (. by, @49)
+ f(x,l,b,4, a’1’4) + f( in» bis, a’2’3) + f( s By alzl4)
+ f (bigs bigs @) = f (xi, @) = £ (biy. @)
= [ (b, @) — f (b, &%) + f (@), (40)
r3(xil’ Xiz» billiz’ al) = f(xil’ Xigs big, Diy 311121314) - f(xi17 Xiy» bigs ailizig)

— £ (xigs Xiy, biy, @Y%) — f(xiy, big, by, @)
— £ (xiys big, biy, @V23%) + f(xiy, Xy, @Y2) + f X3y, iy, AL2)
+ f (Xiys bigs @Y%) + f(xig big, @2°) + f (xiy, by, @2%)
+ £ (biy. biy, @%%) — f(xiy, @Y — f(xi,, &2)
—f (bis. @) — f(byy. @) + f (3. (41)

Theformulasof r;(b;, &), r;(x;,, bl , al) and ry (x;,, x;,, bY™, &) for larger I can be read-
ily produced. Similar to second order Cut-HDMR, only one- and two-dimensional 1ook-
up tables for r;(x;,, b%s, a’) and r; (x;, , x;,, b", al) are needed for mp-Cut-HDMR taken
to second order. This behavior greatly reduces the amount of samples needed to at |east
pick up a reasonable approximation to the terms beyond second order in the origina
Cut-HDMR expansion.

It can be proved (see the appendix) that all the operators £y, §;, and &;.;, for agiven
m are mutually orthogonal projectors, and orthogonal to o, ©;, £ij, - - - » #ii,...;; SWEl.
Then the projectors {g} of the /th order Cut-HDMR and the new projectors {£} of the
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mth order mp-Cut-HDMR together generate a larger lattice. The maximal projector of
the larger lattice is

M= g0+ Z&’Jz + Z §ij T Z Birip...ir

1<i<j<n 1<ii<-<ii<n

+ Z|:BOO + Z 8 + Z ptrtgi| (42)

1<r<s<m

and the best approximation of f(x) € F inthelarger lattice is

M) =pof )+ D 0if 0+ Y o fO0++ Y PuipifX

i=1 1<i<j<n 1<ip<--<i<n

+ Z|:5/')0f(x) + Z KJZA (X) + Z 5;5irisf(x):|

s=1 1<r<s<m

:f0+2fi+ Yo St D fana

1<i<j<n 1<ip<-<ii<n

+Z[f0+2fzg+ > f} (43)

1<r<s<m

For agivenm, f(x;,b’,al) and f(x,, x;,, b’", a') are invariant to the M given
in equation (42) whenever the truncated Cut-HDMR has order I = m — 1 (see the
appendix). However, the Ith order Cut-HDMR can be approximated by the combination
of the second order Cut-HDMR and the third to /th order mp-Cut-HDMR component
functions. Then anew operator

I+1
M = 5@0+Zp,+ > 5"11+ZZ[@0+25%+ > 5@} (44)

1<i<j<n p=3 Ip 1<r<s<p

and the corresponding expansion

I+1
MFX) = O+Zﬁ+ > ﬁ,+ZZ{o+ZﬁY+ > f} (45)

1<i<j<n p=3 I, 1<r<s<p

may be used for the approximation of f(x). Noticethat all thetermsin egquation (45) are
of zeroth, first and second orders. The approximation given by equation (45) can pick
up the essential features of (/ + 1)th order Cut-HDMR, and may even have an accuracy
similar to that for the (I + 1)th order Cut-HDMR, but the sizes of its look-up tables are
much smaller.
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Table1
The increasing numbers of one- and two-dimensional ranges by
adding projectors {£}.

m f, b al) F@i, . xi,. b al)
3 3c3 3c3

4 acy 6C7

5 5C2 10c?

m mCJ" cacm

2.2. Ranges of new projectors

As proved before [1,2], the range of the Ith order Cut-HDMR is

n
<D{1}=Uf(xi,ai) U f(xi,xj,aij) U
i=1 1<i<j<n 1<i<j<k<n

U f(xl-l, Xigs «+ s Xif alliz'"il). (46)
1

i1i9...i

When the new orthogonal projectors {£} of the mth order mp-Cut-HDMR component
functions defined in section 2.1 are added to the /th order Cut-HDMR, a hew range for
each [

CD{[} = Uf(xis, bi;,al) U f(xl-,,xis, bi;is,al) (47)
s=1 1<r<s<m

isadded to @, (seethe appendix). Theincrements of the range for different m are given

intable 1, where

n!

C, = (48)

m!(n —m)!’

The significance of this table can be understood by considering a case when
n = 10. The second order Cut-HDMR has 10 one variable functions f(x;, &) and
45 two variable functions f(x;, x;,a”). If we add in the new projectors of the third
order (m = 3) mp-Cut-HDMR component functions, there are 10 + 3C3, = 10 + 360
one variable functions f (x;, @) and f(x;,, b’, a’) and aswell as 45+ 3C3) = 45+ 360
two variable functions f(x;, x;, a’) and f(x;, x;,,b’", &) for al possible 1. These
additional functions composed to new lines and planes through the n = 10 dimensional
space upon which the function f(x) is exactly represented. Thus, the accuracy of the
modified second order Cut-HDMR can be dramatically improved (see section 3 below).

Compared to directly using higher order Cut-HDMR, the mp-Cut-HDMR needs
smaller tables (i.e., fewer samples). As an example, suppose that each variable
is sampled a s vaues. The total sampling for mth order component functions of
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Cut-HDMRis C}''s™, but the mth order mp-Cut-HDMR component functions only need
C™(ms + C2s?) samples. Theratio is

R Sampling of component functions of mth order mp-Cut-HDMR

Sampling of mth order component functions of Cut-HDMR
m 2.2 2
_Clms+Crs?)  m+Cs
- Cmgm - smfl
n

: (49)

which isindependent of n. Form = 3ands = 10, R =~ 1/3. Form = 5and s = 10,
R ~ 1/100. The saving is obvious.

3. Example A photochemical box model

A zero-dimensional photochemical box model designed to treat the ozone chem-
istry in the background troposphere is being used to study three-dimensional global
chemical transport [7]. Thisbox model consists of 63 reactions and 28 chemical species.
Using this box model the rates of ozone production P and destruction D may be calcu-
lated and incorporated into the overall model. The details of this process [7] are not
relevant here, but the box model provides a good testing ground for mp-Cut-HDMR.
The rates of ozone production P and destruction D are used as two output variables of
the box model. The input variables are month, latitude, altitude and the concentrations
of 4 precursors. H,0O, CO, NO, and Os.

A tremendous amount of computational time would have to be spent to obtain the
chemica ozone production and destruction rates by directly solving the associated dif-
ferential equations at each time step of the three-dimensional model simulations. One
promising solution to lift this computational burden is to employ Cut-HDMR expan-
sions. The application of the second order Cut-HDMR for the input—output relationships
of chemica kinetics was successful in a three-dimensional global chemistry-transport
model study [7], with input variables as the concentrations of 4 precursors. H,O, CO,
NO, and O; (the other three input variables were fixed) and two output variables. P
and D. When the variables other than chemistry (i.e., month, latitude and altitude) are
included as input variables, the accuracy of the second order Cut-HDMR was not sat-
isfactory. In this paper, we will show that mp-Cut-HDMR can provide much better
accuracy. In the following example, 5 input variables (month and 4 precursor concentra-
tions: H,O, CO, NO,, O3) with two output variables P and D are included. The input
variable of month can effectively account for the role of temperature on the chemical
rates of ozone production and destruction. The box is specified by 61.5°S latitude and
990 mb pressure.

Second and third order Cut-HDMR'’s were constructed for this 5 input and 2 out-
put variable model. The mp-Cut-HDMR component functions with m = 3,4, 5 were
also constructed. The Cut-HDMR and mp-Cut-HDMR tables use the same ranges and
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Table 2
The variable ranges and meshes of Cut-HDMR and mp-Cut-HDMR tables.
Mesh Range

spacing Lower limit Upper limit

Month 1 1 12

Relative humidity (%) 5 5 100

CO (ppb) 10 10 200

NOy (ppt) 50 50 750

O3 (ppb) 10 10 150

Table 3
Comparison of the accuracy for Cut-HDMR and mp-Cut-HDMR.2
Relative error
1% 5% 10%
P D P D P D
2nd Cut-HDMR 18 24 44 50 59 63
2nd Cut-HDMR +
3rd mp-Cut-HDMR 47 70 75 90 84 95
3rd, 4th mp-Cut-HDMR 65 81 87 95 92 98
3rd, 4th, 5th mp-Cut-HDMR 67 82 87 95 92 98
3rd Cut-HDMR 55 76 80 92 88 96
3rd Cut-HDMR +

4th mp-Cut-HDMR 75 88 93 97 96 99
4th, 5th mp-Cut-HDMR 77 89 93 97 97 99

@The percentage of datawith relative error not larger than a given value. The
results of mp-Cut-HDMR are obtained by using equation (45).

sampling meshes for al input variables shown in table 2. The reference points a and b
are chosen as follows:

a= (6,65, 120,450,70}, b = {9, 35, 60, 200, 40}. (50)

Point a is near the middle of the domain and point b is arbitrarily picked.

A set of 25,600 exact data obtained by solving the differential equations of
the box model was compared to the approximate solutions given by Cut-HDMR and
mp-Cut-HDMR. The test data were constructed by using the ranges listed in ta
ble 2, and some of the meshes used to construct the test data are larger, but all
are contained in the meshes of table 2. Thus, there is no interpolation error when
Cut-HDMR and mp-Cut-HDMR look-up tables are used. All the errors of Cut-HDMR
and mp-Cut-HDMR come from the expansion truncation inherent with the method. For
comparison, the percentages of the test data with relative errors not larger than 1, 5 and
10% for the two methods are shown in table 3.

From table 3, one can see that the accuracy of the second order Cut-HDMR is
quite poor; only 44% and 50% of the data for chemical ozone production and destruc-
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Table4
The comparison between input data table sizes of Cut-HDMR and mp-Cut-HDMR.

Relative size
To 2nd Cut-HDMR To 3rd Cut-HDMR

2nd Cut-HDMR 1.000 0.035
2nd Cut-HDMR +
3rd mp-Cut-HDMR 4,033 0.143
3rd, 4th mp-Cut-HDMR 7.015 0.249
3rd, 4th, 5th mp-Cut-HDMR 8.000 0.284
3rd Cut-HDMR 28.189 1.000
3rd Cut-HDMR +
4th mp-Cut-HDMR 31171 1.106
4th, 5th mp-Cut-HDMR 32.156 1.141

tion rates have relative error less than 5%. However, the combination of the second order
Cut-HDMR with the third and fourth, or the third, fourth and fifth order mp-Cut-HDMR
component functions have 87%, 95% data for chemical ozone production and destruc-
tion rates, respectively. The accuracy has been dramatically improved. The results are
even better than the accuracy of the third order Cut-HDMR while the table sizes (i.e.,
the number of model runs necessary to determine the mp-Cut-HDMR) are only about
1/4 of the third order Cut-HDMR table (see table 4). The same tendency can be found
for other relative errors.

The behavior in table 3 also reflects the orthogonality of the mp-Cut-HDMR com-
ponent functions with different order m. In the appendix, we only prove that the compo-
nent functions of mth (i.e., (I41)th) order mp-Cut-HDMR are orthogonal to one another,
and to al component functions of /th order Cut-HDMR. When the [th order Cut-HDMR
are approximately represented as the combination of the second order Cut-HDMR and
the third to /th order mp-Cut-HDMR component functions, the mutual orthogonality be-
tween all the functions of second order Cut-HDMR and different order mp-Cut-HDMR
has not been proved, yet. They may not be exactly mutually orthogonal. However, the
results in table 3 show that the accuracy is always improved whenever a higher order
mp-Cut-HDMR component function is added, i.e., they appear to be mutually orthog-
onal. Moreover, compared to m = 5, the mp-Cut-HDMR component functions with
m = 3, 4 add more one- and two-dimensional invariant ranges (seetable 1) in this5input
variable model, they improve the accuracy more. These results show that higher order
component functions of Cut-HDMR are effectively approximated by mp-Cut-HDMR
component functions.

The accuracy for both Cut-HDMR and mp-Cut-HDMR can depend on the choice
of the reference points a and b. Asasimple test of thisissue, we interchanged a and b,
and the results are given in table 5.

The point aislocated near the center of the domain for the 5 input variables. Thus,
the corresponding second order Cut-HDMR has a better accuracy compared to using b
asthe reference point. However, interchanging the a and b does not change the tendency
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Table5
The comparison of the accuracy for Cut-HDMR and mp-Cut-HDMR.2
Relative error

1% 5% 10%
P D P D P D
2nd Cut-HDMR 9 14 25 33 37 45

2nd Cut-HDMR +

3rd mp-Cut-HDMR 36 47 62 75 70 83
3rd, 4th mp-Cut-HDMR 50 69 74 88 79 94

3rd, 4th, 5th mp-Cut-HDMR 56 82 86 95 92 98

8The percentage of data with relative error not larger than a given value. The
points a and b are interchanged.

for improvement provided by mp-Cut-HDMR. Especidly, when 3rd + 4th + 5th
mp-Cut-HDMR component functions are used, the accuracies are almost identical for
the two cases upon comparing tables 3 and 5. As the test system has dimension 5, the
third, fourth and fifth order mp-Cut-HDMR contains the approximations of all order
residuas r;(x) (I = 3, 4, 5). When the system dimension = is high, we may not approxi-
mate all order residuals by mp-Cut-HDMR. Only low order mp-Cut-HDMR component
functions (I « n) are practical for construction, and the proper choice of aand b can be
important.

4, Conclusions

This paper presents a monomia based approach to approximately represent
the high order component functions of Cut-HDMR. The operating formulas of
mp-Cut-HDMR are similar to the lower order component functions of Cut-HDMR
with monomia multipliers. The resultant approximate expressions of the higher order
component functions are then added to the original truncated lower order Cut-HDMR.
The accuracy is guaranteed to improve because the new functions are produced by
projectors which are mutually orthogonal including to the original projectors generat-
ing the truncated lower order Cut-HDMR. The amount of data needed to generate the
mp-Cut-HDM R component functions is much smaller than that required for higher order
Cut-HDMR, and the mp-Cut-HDMR gives better accuracy.

A subsystem with five input and two output variables of a photochemical box
model was used for illustration of mp-Cut-HDMR. The mp-Cut-HDMR dramatically
improves the accuracy of the lower order Cut-HDMR. The accuracy was shown to al-
ways improve whenever a higher order mp-Cut-HDMR component function is added.
The combination of the second order Cut-HDMR with the third and fourth, or the third,
fourth and fifth order mp-Cut-HDMR component functions has an accuracy even better
than the third order Cut-HDMR, but the amount of data needed is only ~1/4 of that re-
quired by the third order Cut-HDMR. These results show that higher order component
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functions of Cut-HDMR are effectively approximated by mp-Cut-HDMR component
functions.

The orthogonality of the mp-Cut-HDMR component functions is the key to its
success. Their orthogonality comes from two factors. First, the expansion terms for
hy;(x;, al) are related to the sum of all the terms in the Taylor series of f(x) involving
thevariables x;,, x;,, - . ., x;, . Thisguarantees that all the expansion terms of 4;;(x;, a’)
do not overlap one another for different 7 and m, and as well as do not overlap with all
the terms producing the lower order Cut-HDMR. This is a basis for al the component
functions of mp-Cut-HDMR being produced by mutually orthogonal projectors.

Monomial based preconditioning also has specia orthogonality features. If the ex-
pansion of 7;;(x;, a’) is exact, the division and multiplication of [, (x;, — a;,) will
cancel each other, and the expansion is equivalent to the expansion of r;(x;, a’). Al-
though the expansion of r;(x;, a’) is truncated, nevertheless it is a good approximate
representation of r;(x;, a). If wedirectly expand r;(x;, a’) to second order Cut-HDMR,
these terms are not orthogonal to the component functions of /th order Cut-HDMR.
For instance, when x = {x;, @}, and fp(@) + f;(x;, &) gives the exact solution for
f(x;,a), then the other terms should be zero. Unfortunately, f in the direct expansion
of r,(x;, @) is aconstant and never vanishes. However, [ i, (x;, — a;,) will make fo
vanish if mp-Cut-HDMR is used because [} (x;, — a;,) = Oat {x;, @ }. The monomial
[T/, (x;, — a;,) is not the only choice for this purpose. Other functions ¢(x;) can be
considered, but they must haverootsat x;, = a;, (s =1,2,...,m).

The considerations underlying mp-Cut-HDMR are based on the existence of a
convergent Taylor series for f(x) around a single reference point a. mp-Cut-HDMR
provides approximations of the remaining terms after those corresponding to /th order
Cut-HDMR have been removed. The assumption behind this treatment is that the Tay-
lor expansion is convergent in the domain of x under consideration. If this assumption
is not satisfied, one can divide the domain into sub-domains. Within each sub-domain
a convergent Taylor series for f(x) may be constructed. If the /th order Cut-HDMR
does not have satisfactory accuracy in this sub-domain, then mp-Cut-HDMR may be
employed to improve the accuracy. For the whole domain there may be several Taylor
series of f(x) around distinct reference points in different sub-domains. We refer to this
method as multi Cut-HDMR. The key point for multi Cut-HDMR is that the projectors
corresponding to all sub-domains are mutually orthogonal so that the sum of all the pro-
jectors compose the maximal projector M, and M f (X) gives the best approximation of
f(X) € F inthewhole domain. This perspective will be developed in future work.

Appendix

The treatment below will prove that the component functions generated by mth
order mp-Cut-HDMR are all produced by commutative projectors {&} orthogona to
al the original projectors of /th order Cut-HDMR and to one another. To simplify the
formulas, the subscripts i,, iy may be replaced by i and j in the following proofs.
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The new operators {&} of mp-Cut-HDMR contain the following terms:

m

srbral), [ (b)),

s=1igAi S !

s

m

X; — a; i
l_[ : Srl(xi,xj,b’]],a[).

s=Llig#i,j 'S !

s

When more than n — m elements of x take on values of the corresponding elements of a,
then at least one case of x;, = a;, occurs either inthe products [ [i_, (x;, —a;,)/(bi, —a;,),
1_[;’1:1’1»575 (X,'S — ais)/(b,»s — a,»s) and H;n:l,is;éi,j(xis — a,»s)/(bis — ais) or in the residual
functions of /th order Cut-HDMR 7, (x;, b}, &) and r; (x;, x;, b7, &). Inthis case, either
the products are zero, or the Ith order residual vanishes because the /th order residual is
zero for al the points x with more than n — m eements taking on the corresponding
values of a. Then al the three terms vanish. This property will be implicitly used in the
following proofs.

A.1. Projection operator idempotency

We will prove that the operators oo ;, ( =1,2,...,n)and g;; (1 <i < j <n)
defined in equations (33)—«35) form = 3, 4, ..., n possess the property of idempotency,
and hence they are projectors.

~

1 oo

oo f %) = Fo []‘[ (b, a’)}. (A1)

Notice that in equation (A.1) &o actson [ [(x;, — a;,)/(bi, — a;)1r (b, @) whichis
the function £ (x) in equation (33). Then using equation (20) anew r;(b;, a’) should be
caculated for f(x) = [/, [(xi, — ai,)/(bi, — a;,)1ri(b;, @"). Considering the property
mentioned at the beginning of the appendix, all the terms except the first one of the new
r;(b;, @) have more than n — m coordinates taking on the corresponding values of a and
then they vanish. Thus, we have

a;

Bodosf 0 =[] 35— n(br. ') = Pof . (A2
s=1 Is

Ls

As f(x) isarbitrary, thisimplies that

£060 = £0. (A.3)
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2. 0
~ ~ ~ - X'S - a's . n X»S J— a.x
G0 =@ [] 2% (b a) - [ [ o.a) | (A
toobi—a b, — a;
s=1ig#i ¢ $ g=1 s s
Similarly, &; acting on each of the two terms gives
m m
X;. — a; . X: — d;
~,’ ~i X) = Ig 15 . bz , a] _ Is is b , a[
Pii f 0 H_bi_airl(x i al) Hibi—airl(l )
s=1is#i s s=1 s s
m m
'xis B ais Xi —a 1 x,‘S — a,’S I
- ri(bs, & } + ——r(b;, &
S—ll,_i!;éi bis — di; |:bl — 4 ( ) E_ bix — da;j, ( )
- Xi. a; . X a;
= = (x;, b}, a") — = (b, a)
s=1,i#i bi, — a, o i, —ai,
=i f(X). (A.5)

Here the relation

m m
I Xi, — (x,» - a,») -T1 Xi, — (A6)
etz O — @i \bi —ai o bi; —ai,

was used. Thisimplies that

i = . (A7)
In the proof we had an additional result from the last term of equation (A.4)
& 1‘[ by, al) = Gifof (%) =0, (A.8)
1 biy —ai,
i.e,
©igo = 0. (A.9)
3. 55,']'

Following the same procedure we have

m

~ o~ ~ Xig — Qi ij
KJinJijf(X)ZKJij[ l_[ ‘ ri(x;, x;, b7, @)

b: — a:
s=Lis#ij T
Tox a nX a
is = iy i 1 iy = Ui Jj 1
— | | P— rl(xi,bl,a)— | | P— rl(xj,bl,a)
s=Lig#i 'S s s=Llig#£j s Is

+T1 %r,(b,, a’)}. (A.10)
s=1"ts ls
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Using equation (35) we will treat each term in above equation one-by-one.

m
~ Xig — aj ij Al
601][ l_[ .A_ 'Srl(xlﬁxjvb]?a)

a
s=Lig#i,j ks
n X a n X a
_ Is Is J Al Is ls i 1
= l_[ — r;(xl,xj,b,,a)— l_[ — r;(xl,bl,a)
s=1,is#i, ] Ls Ls s=1igF#i Ls Ls
m
Xi a; i Xi i
— l_[ . “rl(x],b;,al)—l— . srl(bl,al)
—a; b a
s=lis#j ls g=1 Ls is
= i f (X).

(A.11)

m
65ij|: 1_[ L?rz(xi,bﬂ,a’)}

s=1,ig#i S Ls

m
Xi. —a; | x a Xi —a;
= T pe [ )] - T s )
s=Lig#ij ¢ T T s=Ligi s s
m m
Xi —a,: X;i —a; Xi. — a;
_ | | bs s |:bj ]rl(bla a]):| + | | s s rl(bla a])
s=Lis#] iy — dig j—aj s=1 Jis T ai,
m m
l—[ Xiy — 4 i X —a; .
= —bA asrl(xi,bll,al)— | | —bA asrl(x,',bll,al)
s=1,ig£i 1S ks s=1ig4i 1S ks

—H“_ (b, @ +H“:* (b;.a') =0. (A.12)

Here the relation
n X a X a n X a
is — s J Y iy — G
= - A.13
I—[Hb,»—ai (bj—aj> HAb,‘—ai ( )
s=lig#i,j * $ s=lig#i S S

and equation (A.6) were used. Similarly, we have

6’51{ U (xj,bl,a)} 0. (A.14)

i, —a
s=Lig#j s

Finaly, we have

= ©ij0f (X)



22 G. Li et al. / High dimensional model representations

- i | i —ai)(x; —aj) I ]
= b;, a
I_LU bi, — |:(b —a;)(b; _aj)rl( 1)
ooxi, —a [xi— " xi —a; (X —a;

— ls Ls | 21 b,,a ]_ is ls|:] er’al]
5_11:!75 bts |:b —da; ( ! ) S‘D#j b,‘s —a,»s bj—aj l( ! )
m X —

+ 1_[ bA — (bl’ )
s=1 "t Ls

]‘[ [ri(0s, ") = ri(bs, &) — ry(by, @) + 1y (0, @")] = 0. (A.15)

Here the relation

ﬁ Xiy, — a,:S |:(Xi - ai)(xj — aj):| _ ﬁ Xig — Qg (A.16)

s=1is i, j bis — dajg (b — ai)(bj - aj) =1 — 4,

s

and equation (A.6) were used.
Alltogether, we have

©ii0ij f(X) = £ f(X), (A.17)

©ij§ij = §ij- (A.18)
As the second and the last terms, and the last two terms in equation (A.10) comprise
£i f (X) and & f (), we have additionally
Pijoi = ©ij9; = Hijpo = 0. (A.19)
The above demonstrations collectively prove that the set of operators o, £; and o;; are
projectors.
A.2. Projection operator orthogonality

A.2.1. Orthogonality of {¢} within each I
1. &0

In appendix A.1 we obtained ©;; 0 = :$0 = 0. Now, we only need to prove that
Hopij = popi = 0.

m m
~ ~ ~ Xi, — aj, ij Al Xig — 4, i Al
BOOBOijf(X)=B/30|: 1_[ bg ayrl(xi’xjvbl’a)_ l_[ bg a_vrl(xi,bl,a)
s=1ig#i,j ' s s=1ig#i 'S s

- x'S_a.S xS_ .S
- 1 5= b +l_[l : bz,a’)}
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=TT =2 (br. &) = r(br.2) = (b1, &) + by, )] = O
s=1 Is ls
%@f&%ﬁ%[IT @_j%w%bhd%JIZ?_jnwhdﬁ
s=lig#i s s—=1 Vis is
- X,‘S — a,»s I I
=[5 —[n(br. &) —n(bs, )] =0. (A.20)
g=1 Us Ly
Then we have
£0ij = §ij0 = 0, (A.2)
$ogi = Hiso = 0. (A.22)
2. 9

We only need to provethat ©;9; = £,6; = i9ij = Qikjx = Pkéi = 0.

s

Pioif(X)=p; 1_[ i r(x;, by, a’) — fo:|

=0; 1_[ zls —— r(x;, by, al):| — jpof (X)

gl T1 Xis_aix”l(xi’bl}’al)}

| s=1,ig#i 'S Ls

m m
L [xf — %y (b, a’)} -11 zi“ —ry (b, @)
is — Qi

b: —a; | b: —a:
s=1is#) Ls Ls J J s=1 s

=TT [n(br.a") ~ o a')] =0, ("2

Thus, we have

P = 0. (A.24)
Asi and j are symmetric in the formula, we also have

pip; =0, (A.29)

00 = pip; =0. (A.26)

m

~ ~ ~ Xi, — 4 ii ~ ~ ~
Boiéoijf(x):@i[ 1_[ ”l(xi’xj’blj’al)_fi_fj_f0j|

s=Lis#ij !

s
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m

~ Xig — 4 ij Al
= £ 1_[ - a‘rl(xi,xj,bl,a)

is —

Ls=1,is#i, ]

m

~ Xig — aj ij Al
=i 1_[ A—asrl(x,',xj,bl,a)

Xi, — 4j,
— 1_[ ﬁ

s=1,ig£i

— i f(X) — £i; f(X) — Liof (X)

is

s

s

Combining equation (A.19) we have

. - ©ox,
pipuro=p [] 7
| s=Lig#£jk '

=&
L. b
| s=1is#j,k "

m

b:
| s=L.ig#j.k 'S

m

551'551'j = 651'j65i =0.

1—[ Xig — Qi
— i, fX) — ©ior f (X) — Lo f (X)

~ Xi, —a
|
—a

Z:S rl(xj,xk, b;k, a’)

s

X — a;

s=Llig#i ts

|

S_a

b,’ — da; —1

=TT =% (o, )~ ri(br.@)] =0

s=1 is = i
T m
~ ~ ~ Xig
Pt FO=i| [1 .
Ls=1,ig#i '
T m
~ Xiy, —
| s=1,igi 'S
m

— N xl_x
=) [1

b.
| s=1,ig#i 'S

—a;

—a;

—a;

;ai“rl(xi, bl[’ al) - f~‘0i|

s
a

b rl(-xi’ bl]’ al)} - Bbv]kﬁof(x)

s

s

X 7 s (x;. bl al)}

(b, a’)] T =% o, @)

(A.29)
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m

= [1 ZZ — [(zj - aj)(zk — ak)rz(bz, a’)}
s=Liytjk s G (bj —a;)(br — ax)
_ ﬁ Xis — i [x]' —a; by, a])]
s=1,is#] bi, —ai, Lbj —a;
n m
Xig — 4 |:Xk — ay X;
- 1_[ S S ri(br. & :| l_[ } ri(b;, a")
s=1,igtk s s b — ak b;,
m
1_[ [ri(b;, @) — ri(bs,@") —ri(bs,@") + r(bs, @) ] = 0.
(A.30)
Then we have
Pioik = Pjrei = 0. (A.31)
3. i)
We only need to prove that £i;; = P = 0.
~ ~ ~ m X'S _ a.x . 5 N _
Pikij [ (X) = ik l_[ ﬁ”z(xi,xj, bl/, a]) - fi- f0:|
Ls=L,ig#i,j i

5 i — i i Al
= Bk 1_[ giag”z(xi,xj,b,,a)

L s=1,i57i,

= ik

— Piki f (X) —

)C,‘g — a; I
| | lirl(-xl,xjabl, )
— bis _azg

iy — Wi

ik f(X) —

L
X

Pik0 f( )

m
st

S=lai.§$éiak
m
)Cl'A

b:
s=LligAi S

m

bk — dag

a;

;Vl(xi, biI’ a])

—a;

s

X,
o :l_[ bl:

—a;, [xk -
iy — by — ak

J[rl(x,, b,,a)

— | | xls

b: —
s=1,ig£i S

*[ri(bs,@") — r(bs,a")] =0.

m
g EY
S=l bis - al'x

r(bs.a ]+]_[x’f:a (bs, &)

(X,‘, bll, al)]

s

(A.32)
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Similarly, we have

©ij i f(X) =0
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Then
©ijPik = Pikkij = 0.
~ ~ ~ - Xi, — 4 P ~ ~ ~
P fO=@ul ] — ri(xi, x;, 07, &) = fi = fj — fo}
Ls=1iy#i,j ' s
_ - Xig — Qg ) . ij Al
_pkl l_[ . —a rl(xl’xjab[’a)
Ls=1is#i,j ¢ S J
— Pui fX) — upj f(X) — Puof (X)
~ - Xiy — 4 ij
= ki H..bi —a rl(x,,xj,b/,al)
Ls=1is#i,j ¢ $ |
B ITI X, — aj, [(xk-—-ak)(xl-—cn) (b eﬂ)]
I»
ooy Ot — @i Lk — ai)(br — i)
- Xi, — aj, | Xk
_ s b;,
1_.[ b, —a; |:bk—ak (1 )j|
s=Llis#k ¢
Tox a |:x a
i i | — 4 Xiy, —
_ 1_[ s s b]v :| + l_[ s
s=1,is41 bi, —ai, Lbi — a, o1 Dis
- —a;
1_[ h rl b[a )_rl(blaa)_rl(bla )+rl(bla

Similarly, we have
©ij o f(X) =0.
Then

©ijx = i = 0.

ri(by, &

a)

(A.33)

(A.34)

)] =o.

(A.35)

(A.36)

(A.37)

The proofs above show that all the projectors {¢} within each I are mutually orthogonal.

A.2.2. Orthogonality between {£} in different 1

Suppose we have two subsets 7 and J of {1,2,...,

n} for a given m such that

I # J, and two sets of new projectors {©} and {g} are defined on I and J, respectively.
Asat least onevariable x;, € I, say x;, doesnot belong to J, then x; = a, in K, [&; f (X)],
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which make it vanish because the condition given at the beginning of the appendix is
satisfied. Thus,

& [§s (0] = 0. (A.38)
Similarly,

&5[e f 0] = 0. (A.39)
Then we have

©19s = s = 0. (A.40)

This shows that all of the projectors {{} for a given m but in different I are mutually
orthogonal.

A.2.3. Orthogonality between {&} and {p}
As projectors {} of the lth order Cut-HDMR have an order equal to or lessthan /,
and {©} hasm = [ + 1, then

because some x;, = a;, (i; € I) which satisfies the condition given at the beginning of
the appendix.
Moreover, we also have
P59 f(X) =0 (A.42)

because each term of g, f(x) is a function of [ or less input variables. Its Ith or-
der Cut-HDMR expansion is exact and the corresponding residual is zero. Thus,
@sgr £ (X) = 0. Then we have

pr@s = Saséor = 0. (A43)

Thus, al projectors {£} for agiven m and al projectors {¢} of the /th order Cut-HDMR
are mutually orthogonal.

A.3. Invariance property

We will prove that f(x;,, xiy, - - ., X;,, @2-) (s = 1,2,...,1), f(x;, b}, a’) and
f(xi,x;,bi,al) (G, j € I areinvariant to the maximal projector M in equation (43).
Notice that

fOO—r=fo+Y fi+ Y. fi+--
i=1 1<i<j<n

+ Z Sigip..iy- (A.44)

1<ip<<iq<n

Then equation (43) can be rewritten as
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Mf(X)=f(X)—i’z(X)+Z|:fo+Zfzs > f}

s=1 1<r<s<m

= (0 — () + Z{]‘[ X % (b, )

=1 bi, —a;
m m m X a
i 1 i T i 1
E l_[ b - x,g,b,‘,a) Hb p rl(bl,a)
s=1 \r=1i#£i; " h =14 h
— 4, iris o
( a rl(xirvxis’b]rsaa)
1<r t=1, i Fir,ig ll h

a b;, —
1=1i#i, M h s=1i £y U

+1_[xl, :alt bl, )>j| (A.45)

The determination of the quantities M f (xiy, Xy, - . ., Xi,, aitiz-isy M f(x;, bh, al) and
M f(x;, x;,bj,a") is achieved by simply substituting the corresponding coordinates
{Xiys Xigy oy Xip, @120} {x; bY@} and {x;, x;, b}, @’} into equation (A.45).

X, — aj, ir gl Xi, — aj, is Al
— 1_[ b rl(-xi,ab[ra )— l_[ rl(xis,b;,a)

L f(xigs Xipy oo Xigs aiviz-is)
Considering the condition mentioned at the beginning of the appendix, we have

i10p...0
Mf(xil,xiz,...,xis,alz S)

= f(Xigs Xigs - -, Xy, @L2E) o+Z(o+Zo+ > 0)

1<r<s<m

= f(xl-l, Xigs «+ s Xigs alllz'"ls). (A46)

2. f(xl-, bll, al)

Notice that al &, f(x;, b}, a’) = 0 where g, belong to J (J # I). Thisis
valid because the condition given at the beginning of the appendix is satisfied. Then
for f(x;, b, al), equation (A.45) becomes

Mf(xi, b, al) = f(x b, al) = ri(x, b, al) + 2%y (b, )

b; — a;
+ (i, b, al) — x{ —n(by. @)
+ Z [ b,,al)_zj:zr,(b,,al)}

s=1,is#i
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+ Z [ (x;, b}, al) —ri(x;, b, al)
s=1,is#i
X,‘ — X; — Aa;
b —a (bl’ ) b; —airl(bl’al):|
X: — X — a:
+ Z d lr;(b,,a’)— d lr,(b,,a’)
1<r<s<m, iy, ig#i bi i bi — i
Xl' — X;i — a; )i
o)+ 5=l |
=f(x,»,b§,al). (A.47)
3. f(xi, x;, b7, &)
Similarly to the treatment above, we have
Mf(x,»,xj,b’]j,al)
= f(xi,xj, bilj, a’) - rl(xi,xj, bilj, a’)
(xi —a;)(x; —aj) n o, X i
" (bi — a;)(b; —Clj)rl(bl’ &)+ bj—a; i bi )
_ (x; —a;)(x; —ay) I Xi — 4 Wil
(bi — ai)(bj —aj)rl(bl’ a ) + b; —airl(xj’ bl’ a )
(i —a)(xj —ay) i
b —anib, —ap" 1)
(xi —a;)(x; —ay) n (i —a)x; —ay) ! ]
+ b,,a") — b;, a
o= Eu[ —ai)(bj—aj)rl( ra) (bi—ai)(bj—aj)rl( ra)
+ |:rz(xi,xj, bilj, a') — ad a.rl(x,-, b}, a’)
J 4

X; — 4 j (x; —a;)(x; —aj)
e P+ a»(bj a ri(br. 2 )}
m Xi —d; . X, —da; .
+ J J ,‘,bl,al _ J J ,»,b’,al
s=1,i5¢i,j|:bj Y rl(x I ) b, —a rl(x I )
(x;i —a)(xj —a;j) (xi —a)(xj —aj) }
_ b;, by,
b —a)(b; —ay) (b &) + i —a)(b; —a;) (b &)
b3 Bt bl - E (b))
s=1,iyi, j i i i i
_ (x; — ai)(xj - aj) I (x; _ai)(xj )
b —antb; —apy" Pt G b, —ay P2 )}
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(xi —a;)(x; —aj) N (x; —a;)(x; —aj) I
> [(bf “at,—ap" ) T o T, =y )

ISr<ssmir is#i, j

. (xi —a;)(x; —aj) I (xi —ai)(xj —aj) 1
(bj —a;)(b; — aj)rl(bl’ &)+ (bi —a;)(bj — aj)rl(bl’ 2 )]

=f(x,»,xj,bi1j,a[). (A.48)
The andysis above proves that f(xi,, xi,, ..., X, &125) (s = 1,2,...,1),

fx, by, alh and f(x;, x;, b7, al) (i, j € I) areinvariant to the maximal projector M
in equation (43).
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